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Hermitian and Skew Hermitian Matrices, Characteristic equation, Cayley-Hamilton theorem and
its applications, Eigen values and Eigenvectors; and Diagonalization of a Matrix.

Inverse and Rank of matrices using elementary transformations

Lecture 1: Elementary Transformations and Inverse of a matrix

Any one of the following operations on a matrix is called an elementary transformation
1. Interchanging any two rows (columns). indicated by Ri,j if i & j" rows are
interchanged.
2. Multiplication of the elements of any row or column by a non-zero scalar quantity k
(kRj)
3. Addition of constant multiplication of the elements of any row to the corresponding

elements of any other row. (Ri + kRj).

Two metrics are said to be equal if one is obtained from the other by elementary
transformations.

Elementary Matrix: A matrix obtained from a unit matrix by elementary transformation is
called elementary matrix.

1 00
=0 1 O
0 01
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1 00
Then R,+2R =|2 1 0| iscalled the elementary matrix.
0 01

To find inverse of a matrix employing elementary transformations:
If Ais reduced to | by elementary transformation, then

PA =
Working Rule: Write A = 1A. Apply elementary row transformations on A of the left side and
on | of the right hand side so that A is reduced to | and | of R.H.S. reduced to P getting | =
PA, then P is inverse of A.

0 1 2
Problem : By elementary row transformation find the inverse of the matrix |1 2 3
311
1 2
Solution : Let A={1 2 3
11
01 2 00 01 2
Now |1 2 3|= 10 1 2 3
311 0 01 311
1 2 3 010 01 2
orjo0 1 2|=1 0 1 2 3| RoR,
311 0 01 311
or R, > R,—3R,
1 2 3 0 1 0
or)l/0 1 2|={1 0 OfA

1 2 3 0 1 0
orj0 1 2|=(1 0 0A
0 01 %—%%

or R, >R, —2R,,R >R —3R,
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15 11 3]
120 | 2 2 2
01 0|=|-4 3 -1|A
0 0 1 5

2 3

3 2 7
R —>R-2R,

(1 1 1]
100 (2 2 2
01 0l=|-4 3 -1|A
0 01 5 _3

2 2 K
| = PA

111

2 2 2

SoP=A'=|-4 3 -1
5
2 2

Lecture 2: Rank of matrices using elementary transformations

Let A be m X n matrix. If A is a null matrix, we define its rank to be ‘0’. If A is a non-zero
matrix, we say that ‘r’ is the rank of A if
i. Every (r+ 1)" order minor of A is ‘0’ (zero) &

ii. At least one rt" order minor of A which is not zero.

It is denoted by p (A) and read as rank of A.

Example: Find the rank of the matrix

e

Solution; Let A=

P
D -
o

s R,
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Order of Ais2 x 2 - p(A)<2

Consider the second order minor

o)

1 -
=—6#0
9

(8

There is a minor of order 2, which is not zero. «p (A) =2

Example: Find the rank of the matrix

Solution: Let A=

Order of Ais2 x 2 ~p(A)<2
Consider the second order minor

-7
> 7

n

=0

Since the second order minor vanishes, p(A) #2
Consider a first order minor [-5| # 0
There is a minor of order 1, which is not zero

~p(A)=1

Example: Find the rank of the matrix

-1 5
4 -6
i 1 5
Solution: Let A=
0 _l S 4 | Pa ge



Order of A is 3x3

~p(A)<3

Consider the third order minor 0 -1 5

=6+0

There is a minor of order 3, which is not zero

~p (A) =3.
Example: Find the rank of 0
1 2 -4
-2 -4 8
Solution: Let A=
5 3 0
1 -4
-2 -4 8
Order of A is 3x3
~p(A)<3
Consider the third order minor
5 3 0
¥ 2 —4|=0
-2 -4 8

Since the third order minor vanishes, thererore p(A) # 3
Consider a second order minor
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There is a minor of order 2, which is not zero.
~p(A)=2.

Example: Find the rank of the matrix

1 2 <=1 3
Z & L =2
3 6 3 =7

Solution: Let A =
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1 2 <=1 3
2 4 1 =2
3 6 3 -7

Orderof Ais3 x4
~ p(A)< 3.

Consider the third order minors

1 -] I -1 3
2 1 (=0, 2 1 -2|=0
3 3 3 3 =7
1 3 2 =1 3
2 -2 |=0, 1 =2|=0
3 =y 6 3 =V

Since all third order minors vanishes, p(A) # 3.

Now, let us consider the second order minors,

2 =1
4 1

=6#0

There is a minor of order 2 which is not zero.

~p (A) =2

Echelon form: A matrix is said to be in Echelon form, if
1. Zero rows, if any exists, they should be below the non-zero row.
2. The first non-zero entry in each non-zero row is equal to ‘1°.
3. The number of zeros before the first non-zero element in a row is less than
the number of such zeros in the next row.

Note: The number of non-zero rows in echelon form of A is the rank of ‘A”.

Example: Find the rank of the matrix A=
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N W

Solution:
The order of A'is 3 x 3.

~ p(A) <3.

Let us transform the matrix A to an echelon form by using elementary transformations.

Matrix A | Elementary Transformation
(1 2 3
A=12 3 4
3 5 7
(1 3 39)
20 = =P RZ —)RZ—ZR]
o 1 = R,—R,-3R,
f1: 2 3
~10 -1 =2
0 0 o R,—R,—R,

The above matrix is in echelon form

The number of non-zero rows is 2

~Rankof Ais 2.

p(A)=2.

Example: Find the rank of the matrix A=
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w = O
N —
— N
W N -

Solution:
The order of A is 3 x 4.

- p (A)<3.

Let us transform the matrix A to an echelon form

l_ Matrix A \ Elementary Transformation ’
(6 1 32 1)
A=|1 2 3 2
3 1 3
T 2 3 2)
A=lp 1 2 1 RO
3 & & 3
(1. 2 2 2
=k 2 R,—R, 3R,
U =5 -8 3
e
sl & 2% & R,—R,+5R,
00 2 2

The number of non-zero rows is 3. . p(A) =3.

Example: Find the rank of the matrix A=

EE I 1

3 4.5 2

2 3 40
Solution:

The order of Ais 3 x 4.

9|Page



~ p(A) <3.

Let us transform the matrix A to an echelon form

Matrix A Elementary Transformation
1 1 1 1
A=|3 4 5 2
2 3 40
111 1 R, >R, -3R,
“e i 2 A R,—R,-2R
01 2 =2 : *
1. 1 1 1 R,—R, —R,
=B =1 =Z -1
0 0 1
The number of non-zero rows is 3.
~p(A)=3.
Normal form: Every non-zero Matrix can be reduced to

any one of the  following  forms

o M,u ol 1]

known as normal forms or canonical forms by using Elementary transformations
where |, is the unit matrix of order ‘r’ and ‘O’ is the null matrix.

Note: In this form “the rank of a matrix is equal to the order of an identity matrix.

1 3 4 2
Example: Find the rank of the matrix A = g :é ; g , by reducing it to normal
6 —3 8 6
form.
1 3 4 211 3 4 2] g LR, 2R,
Solution. We havea=|2 —1 3 2|10 =7 =5 =2 R; > R; — 3R,
3 -5 2 2|10 —14 -10 —4| 2’ _ 5 _
6 -3 8 6/ lo -21 —-16 —-6] * "7t 1
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1 0 0 0
o o Dl e-a-sa
=lo —14 —10 —4| BG40
0 —21 —16 —6] C+7Cam20
1 0 0 0 1.0 0 0
(0 -7 -5 -2 R3=>R3—2R, _[0 -7 -5 -2
“lo 0 o ol R >R, —3R, “|o 0 -1 olRR
0 0 -1 o0 0 0 0 0
1 0 0 0 . 1000 )
o =7 0 0o|G7G=7G _lo 10 0] R--:IR
0 0 -1 0|c, ¢, -2, 00 1 0 R, > —R,
0 0 0 0 7 00 0 0
s 0] ..
—[0 0] which is normal form.

~p(A)=3.

Lecture 3: Consistency of linear system of equations and their solution:

Linear equations are
Consistent: A system of equations is said to be consistent,

if they have one or more solutions.

X+2y=4 X+2y=4
X+2y=2 4x + 8y = 16
Unique solution Infinite Solution

Inconsistent: If a system of equation has no solution then it is said to be inconsistent

X+2y=4
3X+6y=5
Consider the system of Linear equations
A, X F8,X, + 85X F e, +a,X, =b
Ay X, 8y X, + 8 Xy F i +a,,X, =D,
Ay Xy T 85Xy T 85Xy +oiiii T8, X, =0,
Ay X A%, F 8K e, +a,,X,=b,
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a,; e a, X, b,
or| a, by eeeeeees a,, X, b,
_aml a'm2 """" amn_ _Xm_ _bm_
orAX=B
a, B e a,, b,
and C=[A:B]=| a,;, @y, ... a,, :b,
@ Apy e a,, b, |

Is called the augmented matrix
(a) Consistent Equation: If rank A = Rank C

(1) Unique solution if Rank A =Rank C =n

(if number of unknowns)

(2) Infinite solution if Rank A = Rank C =r, r<n
(b) Inconsistent equation: If Rank A # Rank C
Problem: Show that the equations 2x + 6y = -11, 6x + 20y - 6z = -3, 6y - 18z = -1

are not consistent.

Solution: Augmented Matrix C = [A: B]

2 6 0:-117 [2 6 0:-11
={6 20 —6:-3|=/0 2 -6:30| R,—>R,-3R
0 6 -18:-1| |0 6 -18:-1
2 6 0:-11
R,—>R,—3R,|0 2 —6:30
0 6 0:-91

The rank of C is 3 and rank of A is 2

Hence Rank A # Rank C so equations are not consistent.

Problem: Determine for what values of and the following equations have (1) Non
Solution (2) A unique solution (3) Infinite number of solutions.

X+y+z=6,Xx+2y+32=10,Xx+2y+ 1z= u
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11 17 [x] [6
Solution: |1 2 3| |y|=|10
12 2l |z| |u
AX =B
11 16 11 16
C=[A:B]=|1 2 3:10Re2R=R_ 1y 1 5
R, >R,_R,
12 Aiu 0 1 A-1:u-6
11 16

R, >R,-R|0 1 2:4

0 0 A1-3:u-10

(1) There is no solution if R (A) #R (C)
l.e. 1-3=0 or 1=3 and

1—10=0 or p#10

(2) There is unique solution if R (A) =R (C) =3
l.e. 1-3=0 or A1=3, u may have any value.

(3) Infinite number of SolutionisR (A) =R (C) =2
A=3 u=10.
Linear dependents and independence of vectors:
Vectors (Matrix) Xz, Xz ........ Xn are said to be dependent if

(2) all the vectors (row or column matrices) are of same order.

(2) nscalars A, 4,........ 4, (nor all zero) exist such that
AX +A,X, + X+ A,X,=0

n~ n

otherwise they are linearly independent.

Problem: Check for linear dependence of system of vectors.

2 1 1
X, =|2| X,=|3| X,=|2
1 1 2

Solutions : Consider the matrix equation X, +4,X, + 4, X, =0
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2 1 1| |0
A=2| 4 =[3] 4=2|=|0
1 1 2 0
24+ A, +4,=0
2A,+34,+21,=0
A +A,+24,=0 a homogeneous equation

211 A 0 11 2 A
RoR
11 2 A 0 2 11 A 0
1 1 2 0 1 1 2 0
R, > R,-2R, 4 A
o 1 -2 A |=|0]or |0 1 -2 A, =0
R, > R,—2R,
—— |0 -1 -3 s 0 0 0 -5 A 0
A +A,+24,=0
A, +22,=0
—54,=0=>4,=0
=>1,=0
=>4=0

so any one of 4,4,,4, are not different from zero.

So system of equations not linearly independent.
Homogeneous Equation: Let Amxn be the coefficient matrix.

Homogeneous equation.

AX =0
m=n m>3 nNn>3 m=n=3
Rank A =n Rank A <n ‘A;to
Trivial Solution Infinite Solution
Unique Solution Trivial Solution
Pn fsu jati

AX+2y—22-1=0, 4x+24y—-2-2=0
6X+6y+A4z-3=0
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Solution:
A 2 =2 X 1
4 22 -1||y|=|2
6 6 A yA 3

The given system of equation has a unique solution if and only if the coefficient
matrix is non singular

A 2 -2

ie. |4 21 -1|#0=2°+111-30=0
6 6 A

= (1-2)(A*+21+15) %0
=>A#2

Therefore if 12, the given system of equations have a unuque solution.
If 1=2

2 2 -2||x 1 . R _oR 2 2 -2||x 1
1] |yl=|2 Ro2Re72Ry 1g o 3 yl=l0
R ,— R,—3R,
6 6 2 Z 3 0O 0 8 z 0
o 2 2 -2||x 1
R,>R,—2R,|0 0 3||y|=|0
0 0 O Z 0
= 2x+2y-2z=1 3z=0

= 2x+2y=1 ify=Kk, x:l—k

Lecture 4: Various Types of matrices

(1) Row Matrix: If a matrix has only one row and any number of columns then
it is called a row matrix. Forex. [ 2,7, 3, 9]

(2) Column Matrix: A matrix having one column and any number of rows is
called a column matrix.

1
Forex. |2

3

(3) Null Matrix or Zero matrix : Any matrix, in which the elements are zeros, is

] . /0 0 O
called a zero matrix or null matrix 0
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(4) Square matrix : A matrix, in which the number of rows is equal to the number

. - 2 5
of columns, is called square matrix i.e. [3 6}

(5) Diagonal Matrix : A square matrix is called a diagonal matrix, if all its non-

1 00
diagonal elements are zeroe.g. |0 3 0
0 0 2

(6) Unit or Identity Matrix : A square matrix is called a unit matrix if all the

. . . 10
diagonal elements are unity and non-diagonal elements are zero e.g. 0 1

(7) Symmetric Matrix: A square matrix is said to be symmetric if for all values

ofiandj,aji=ajiee. A'=A

a h g
eg.|h b f
g f c

(8) Skew Symmetric matrix: A square matrix is said to be Skew Symmetric
Matrix

a) if for all values of i & j, aij=-ajior A'=-1

o -h —g
b) All diagonal elements are zeroe.g. |h o —f
g f o

(9) Triangular Matrix (Echelon Form): A square matrix all of whose elements
below the principal diagonal are zero is called an upper Triangular matrix. A
square matrix all of whose elements above the principal diagonal elements
are zero, is called a lower triangular matrix. i.e.

1 3 2 2 0
Upper Triangular matrixis [0 4 6| Lower triangular matrix |3 4
0 0 3 6 1

N O O

(10) Transpose of a Matrix: On interchanging the rows and columns, the new
matrix obtained is called transpose matrix of the given matrix A and is
denoted by A'.
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(11)

(12)

(13)

(14)

(15)

2 00 2 0 6
Forex.If A=|3 4 0| then A'=[3 0 7
6 1 2 4 5 8

Orthogonal Matrix: A square matrix A is called a orthogonal matrix if the
product of the matrix A and the transpose matrix A' is an identity matrix
e

A.A'=1 if |A| then the matrix A is proper.

. . 1+i 2-i
Conjugate of a Matrix : Let A{ " '}

T+21 i

. . o= | 1-i 2+3i
then conjugate of matrix A is A=[ ' ' '}

7-2i i
Transposed conjugate of a matrix A’:

Transpose of the conjugate of a matrix is denoted by A’

1+i 2-3i — 1-i 2+3i
Forex. A= . . then A= . .
7+ 2i —I 7-2i i

LN

Unitary Matrix : A square matrix A is said to be unitary if A’A=1

14i 141 15 —1-i
Forex. A= 2_ 2_ then A? = 2_ 2_ & AA? =|
Lo i i 1+
2 2 2 2

Hermitian Matrix: A square matrix A = [aij] is called a Hermitian matrix,
if every i - j" element of A is equal to conjugate complex j-it" element of
A.
I.e. aij = aji
1 2+3i 3+i
ie.|2-3i 2 1-2i
3-i 1+2i 5

Necessary & sufficient condition for a matrix A to be Hermitian is that

A=A9ie.A=(Ay
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(16)

(17

(18)

(19)

(20)

(21)

Spew Hermitian Matrix: A square matrix A = (aij) is called a skew
Hermitian matrix if every i-j" element of A is equal to negative of

complex conjugate of j - i element of A. In other words, aij = — aji

Remark : All the diagonal elements of a spew Hermitian matrix are either

Zero or pure imaginary { (2I+3i) 2;3'}

The necessary and sufficient condition for a matrix A to be spew
Hermitian is that A’ =—A or (A)'=-A

Idempotent Matrix: A matrix such that A> = A is called idempotent matrix

2 -2 -4
eg. A=[-1 3 4
1 -2 -3

Periodic Matrix: A matrix A will be called a periodic matrix if A<t = A
If k is least the integer for which AK*! =A then k is said to be period of A.
Nilpotent Matrix: A matrix will be called nilpotent if A=0 where K is
the integer.

If k is the least +ve integer for which A*=0 is called index of the nilpotent

ab b?
2

matrix e.g. If A=[ } then A*=0

-a°~ -ab
Hence A is a nilpotent matrix whose index is 2.

Involutary matrix: A matrix for which A% = | (unit matrix), is called
involutary matrix.

e.g. Unit matrix is involutary.

Equal Matrix: Two matrices are said to be equal if

(1) They are of same order

(2) Elements in the corresponding position are equal.

Thus if A= 23 &B = 23 then A=B
1 4 1 4

Unitary Matrix : A square matrix A is said to be unitary matrix if AA’ = A’A=1
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. 1 1+i. . i
Problem : Prove that the matrix i{ i J IS a unitary matrix.

3l1-i -
11 1 21+i 11 1 1+i
D A=— A=
proors A=, T -l
11 1 1+i 11 1 21+i
APA=—— —
YIS -

_ 1[ 1+(1+1) (1+i)—(1+i)} 1{3 o} {1 o} .
. : - =

Bla-p-i@-i) @+n+1 | 3lo 3| |o 1

Hence A is a unitary matrix.

Problem: The modules of each characteristic root of a unitary matrix is unity.
Proof : Since A is a unitary matrix so A’A=1
Let A be characteristic root of A, then AX =AX ...cccoovviininnns 1)

Taking conjugate transpose of both sides we get (AX)? =4 X"
or X°A”=1X7 ... (2) From (1) & (2) (X°A%)(AX)=AAX?X
or X/(A’A)X = AAX?X or XIX =AAX?X or X’X(AA-1)=0= 11 =1

So X (A’A)X =2AXX or 2*=1=|4|=1 as X’X %0

Lecture 5: Eigen Values

1- Characteristic Roots or Eigen Values:
(a) For a given square matrix A, A— Al matrix is called the characteristic matrix,

where is a scalar and | is a unit matrix.

2 21 2 21 1 00 2-4 2
Let A=|1 3 1|, A-Al=1 3 1|-4(0 1 Of=| 1 3-4 1 |Iis
1 2 2 1 2 2 0 01 1 2 2-1

characteristic matrix.

(b) Characteristic polynomial : The determinant |A—Al| when expanded will

give a polynomial, which we call as characteristic polynomial of matrix A.

2-2 2 1
Forex.| 1 3-1 1 |=(@-2)(6-51)+42-2)-2(2-A-1)+(2-3+41)
1 2 2-2
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A—T2*+111-5
(c) Characteristic Equation : The equation |A—Al1|=0 is called the

characteristic equation of the matrix A. e.g. A*°-74°+111-5=0

(d) Characteristic Roots or Eigen Values : The roots of the characteristic
equation |A—Al|=0 are called characteristic roots of matrix A. e.g.
AP -T21*+114-5=0
(A-D)(A-1)(1-5)=0 so 1=115
So characteristic roots are 1, 1, 5.

Remark on Eigen Values:

1. Any square matrix A and its transpose A' have the same Eigen value.

2. Sum of Eigen values of a matrix is equal to the trace of the matrix.
Sum of the elements on the principal diagonal of a matrix is called the trace
of the matrix.

3. The product of the Eigen values of a matrix A is equal to the determinant of
A.

4. If A, 4,.....A, are the Eigen values of A, then the Eigen values of

(1) kA are kA, kA4,.....kA,
(2) Amare A", 4. A"

(3) Atare t1r .1

Al A
Proof of (1) : Characteristic equation of A is |A—Al|=0 characteristic equation of

matrix A" is |A'= 11| =0 clearly both are same so |A/=|A]

8, &, &,
Proof (2) & (3) : Let A=|a, a,, a,

83 83 Ay

‘5‘11_/1 a, a3
|A-Al|=| &, a,-4 ay

ay as A3 — A

|A_ﬂ“I | = 13 + /12 (a11 Tyt ass) + ﬂ“(_anaaz — 81853 + Q,8y — 8,85 +Aydy, + a33a31)
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- [au (azzase — 88y ) —a; (a21a33 - a23331) +ay; (a21a32 — 85,8, )]
If A4,4,4 be the roots of the equation (1) then sum of the roots

A+ 4+ 4 =a, +a, +a, sum of diagonal element.

Product of the roots [ a, (a,,a,; — 85,85, ) — 8y, (8,855 — By ) + ays (858, — 833y, ) |
= Determinant A
Problem: If A and P be square matrices of same type and if P is invertible, show
that the matrices A and P-XAP have the same characteristic root.
Solution: Let us put B = P*AP then we have to show that A and B have same
characteristic root
B—Al = ptAP— Al = p*AP— p{(A-AI)P
B— 21| =|[(A- A1)P|=|p||A-A1||P|
=|(A=a1)||pY||P)
=|(A=A1)||p™*p|
=[(a-an)|i
=|(A=a1)| as |I|=1
Thus A & B have same characteristic roots.
Problem: Show that characteristic roots of a triangular matrix are just the diagonal
elements of the matrix.

Solution: Consider the triangular matrix

a, 0 0 O
A a, a, 0 0
ay Ay Ay 0
Ay 3, Q5 3y,
a,—4 0 0 0
a a,—A 0 0
so|A-Al|=0or | * %
as as, Ay — A 0
ay a,, a43 ay, — A

on expansion
or (811 _ﬂ“)(azz _ﬂ“)(ass _ﬂ)(azm _/1) =0

SO A= 8y;,85,853,8,,
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which are the diagonal elements of matrix A.
Problem: the characteristic roots of a Hermitian matrix are all real.
Solution: Since matrix A is Hermitian so A’ = A
Also (A7) =A% & (AB)’ =B’ A’
If is a characteristic root of matrix A then AX =X
or X?AX = XAX
Now taking in (1)
(AX) =(AX)" or XA’ =X
as A is Hermitian A’ = A
so X’A=AX? or X/AX =AXX ......... (2)
IXPAX = XOAX = AXX v (3)
Hence by (2) & (3) 4 =1 showing is real.
Deduction I: characteristic roots of real symmetric matrix are all real

as for symmetric, A'=A (A')A
or A=A .. (R)z A as A is real

Deduction Il: Characteristic of a skew Hermitian matrix is either Zero or pure
imaginary.
Proof: If A is spew Hermitian then iA is Hermitian.
Also 2 is a characteristic root of A then AX =X
S(IAX =([1)X
S0 A is characteristic root of matrix iA which is Hermitian and hence i2 should be
real which possible only when A is pure imaginary or zero.
Problem: Modulus of each characteristic root of a unitary matrix is unity.
Solution : Let A be unitary matrix then A°A=1
If 2 be characteristic root of A, then AX = AX Taking transposed conjugate on both
sides
(AX)? =(AX)? or XA’ =AX*
XA’ AX = AXPAX = AAX X
But A’A=1
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s0 X7IX =AAX?X or XX =2AX’X
S(A=-2)XX =0

But X #0..X?X %0 hence 1-41=0 or 1=141

or |4 =1

so characteristic root is unimodular.

Lecture 6: Caley-Hamilton Theorem

Every square matrix satisfies it sown characteristic equation.

If [A- 21| =(-1)* (A" +a A" +2,A" " +.......... +a,) be the characteristic polynomial of

nxn matrix

A = (aij), then the matrix equation

X" +a X" +a, X"+, +a,1 =0 is satisfied
by X=Al.e.
A" +a A"t +a, A" +a,1 =0

Proof : Since the elements of A— A1 are at most of the first degree in 4, the elements
of adj (A—Al) are at most degree (n-1) in 4. Thus adj (A—Al)may be written as a
matrix polynomial in 4,

adj(A—A1)=B A" +BA" ? + .o +B,
where B,,B,,.......... B, are nxn matrices, their elements being polynomial in 4.
we know that (A- A1) Adj(A-21) =|A- Al

(A—A1)(BA™ +B A"+ B, ,)=(-1)"(A"+a, A" *+........+a,)]
Equating coefficients of like powers of on both sides we get

~1B, = (-1)"I

AB,—IB, = (-1)"a,l

AB, - 1B, = (-1)"a,l

AB. =(-1)"a,|

On multiplying the equation by A", A"™™.......... I respectively and adding, we obtain
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Thus if A is square matrix and if
AB=222431-4=0 e, (1)
be its characteristic equation, then by Caley-Hamilton theorem (1) is satisfied by A.
P 2A43A-A =0 e, (2)
We can find out A from (2)
On pre multiplying (2) by A, we get
A*—2A+3l1-4A" =0
At :%[AZ ~2A+3l |

Problem: Find the characteristic equation of the matrix

2 11
A=0 1 0
112

verify Caley-Hamilton theorem and hence evaluate the matrix equation
A8 _5AT +7A° —3A° + A" —5A° +8A* —2A+1
Solution: Characteristic equation of matrix A is
2-1 1 1
0 1-2 0 |=0or [(2-2)1-4)(2-2)]-1(0)+1(0-1+2)=0
1 1 2—-A
or *-522+74-3=0
According to Caley Hamilton Theorem

A’—5A* +7A-31 =0

2111|211 5 4 4

Verification A*=|{0 1 0|0 1 0|=|0 1 O
1 12|[112] |44°5

2 1 1[5 4 4] [14 13 13

A*=/0 1 0/|0 1 0|=/{0 1 O

1124 4 5| [13 13 14
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14 13 13 5 4 4 2 11 1 00

A*-5A°+7A-31=[0 1 0|-50 1 0[+7/0 1 0[-3/0 1 O

13 13 14 4 4 5 112 0 01

=0

Il
o O O
o O O
o O o

Caley-Hamilton Theorem is verified.

Now A’ —5A" +7A° —3A° + A' —5A° +8A° —2A+1

AP [A3—5A2 +7A—3|]+ A[A"’—SAZ +7A-3I ]+ A2+ A+l

A’ x0+Ax0+ A%+ A+1 =A%+ A+

(5 4 4 211|100
=0 1 0|+|0 1 O+(0 1 O
4 4 5 112|(0 01

8 5 5
=0 3 0
5 5 8

Lecture 7: Characteristic VVectors or Eigen Vectors

Corresponding to each characteristic root A, we have a corresponding non zero

vector X which satisfies the equation |[A—A1|X =0 and this non-zero vector X is

called characteristic vector or Eigen Vectors.

Properties of Eigen vectors:

1.
2.

Eigen Vector X of a matrix is not unique.

If A4,4,.....4 be distinct eigenvalues of an nxn matrix then corresponding
Eigen vectors X,, X,.......... X, form a linearly independent set.

If two or more Eigen values are equal, then it may or may not be possible to
get linearly independent Eigen vectors corresponding to the equal roots.
Two Eigen vectors X3 and Xz are called orthogonal vectors if XiX>=0
Eigen vectors of a symmetric matrix Corresponding to different Eigen values

are orthogonal.
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a
Normalized form of vector’s : To find normalized form of | b
c

we divide each element by v'a?+b? +c?

1 1/3
For example, Normalized form of | 2 |is| 2/3
3 2/3

Non symmetric matrices with non-repeated Eigen values

1 0 -1
Problem : Find the Eigen values and Eigen vectors of the matrix A=|1 2 1
2 2 3

Solution : |A-21|=0

1-2 0 -1
1 2-4 1 |=0ie A2*-64%+111-6=0
2 2 3-1

Let =1, then A°-64*+111-6=0
o (A1-1)(A1*-51+6)=0
(A-1)(1-2)(1-3)=0=>1=12,3
To find Eigen vectors for the corresponding Eigen values we consider the matrix
equation (A—A1)X =0
1-4 0 -1 X 0
1 2-4 1 ||yl|=|0
2 2 3-A||z 0
Eigen Vectors corresponding to 1=1

0 0 -1 |x 0 -z=0
11 1 yi=|0|=|x+y+2=0
2 2 2 z 0 X+y+z=0

Soz=0
& if x =k, theny = -k
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k 1
Hence Eigen Vector Xy is | —k | or k| -1
0 0

Eigen vectors corresponding to A=21is

-1 0 1| (X 0 -X+0y-z=0
1 0 1 yi=|0|=|2x+2y+z=0
2 2 1 z 0

X _ Yz X _y_Z

0+2 -2+1 -2-0 2 -1 -2
2
Hence Eigen vector X, =| -1
-2

Vector corresponding to 1=3

0 -1 -1||x 0 —2X+0y-z=0
-1 1 1 y|=|0|=| x-y+z=0
2 0 O z 0
X __ Y _ 7 X_¥y_2
0-1 -1+z 2-0 1 -1 -2

1
X;=-1

-2

Non Symmetric matrix with repeated Eigen Values:
Problem: Find all the Eigen Values and Eigen Vectors

-2 2 =3
of the matrix A=l 2 1 -6
-1 -2 0

Solution: Characteristic Equation of A is

—2-1 2 -3
2 1-4 -6 |=0
-1 -2 0-4

or (-2-A)[-2* +A-12]-2(-24-6)—-3(-4+1-1) =0
or  A*+2°-211-45=0
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If 1=-3, then A°+1°-211-45=0
S0 A2-21-15=0 or (1-5)(1+3)=0
Eigen values are 5, -3, -3

To find Eigen vectors for these corresponding Eigen values, we have

—2-1 2 -3 X 0

(A-A1)X =0 ie 2 1-12 -6 ||y|=|0

-1 -2 0-A||z 0

Putting A =5, we get
-7 2 =3||X 0
2 -4 —6||y|=|0
-1 -2 5|z 0
-12-12 -6-42 28-4 24 48 -24 1 2 -1

k 1
Hence Eigen Vector is X, =2k | or | 2
—k -1
1 2 -3||Xx 0
For 2=-3|2 4 -6||y|=|0
-1 -2 3 z 0

We have x+2y—-3z=0, 2x+4y—-6z2=0, —x—2y+3z=0

Some equations, so let x=k;, y=k,, thenz:%(k1+2kl)

Hence the Eigen vector is X, =

N W O

Since the matrix in non-symmetric the corresponding Eigen vectors X2 and X3 must
be linearly independent which is possible by choosing k> =0, k = 1

3
Hence X,=|0
1
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Lecture 8: Diagonalization of a Matrix:

If a square matrix A of order n has n linearly independent Eigen vectors, then
a matrix P can be found such that P*AP is a diagonal matrix So D = PAP!
Remark:
1- The square matrix P, which diagonalises A. is found by grouping the Eigen
vectors of A into square matrix and the resulting diagonal matrix has the
Eigen values of A as its diagonal elements.
2- The transformation of a matrix A to P!AP is known as a similarity
transformation.
3- The matrix P which diagonalises A is called the model matrix of A and the

resulting diagonal matrix D is known as the spectra matrix of A.

-1 2 2
Problem : A square matrix A is definedby A=| 1 2 1
-1 -1 0

find the model matrix P and the resulting diagonal matrix D of A.
Solution: The characteristic equation of the matrix A is

1-4 2 -2
1 2-2 1 |=0
-1 -1 0-4

or (1-A)(-24+ 4% +1)-2(-A+1)-2(-1+2-2) =0

or (~A+1)(A4*-24+1)+224-2-2+24=0

o (~2+1)(A-1)" +(42-4)=0= (1-2)| (A-1)' -4 =0
or = (1-2)(4*-24-8)=0=(1-1)(4+1)(1-3)=0
Eigen valuesare 1, -1, 3

Eigen vectors are given by the matrix equation.

1-14 2 -2 || x| [0
1 2-2 1 y =0
-1 -1 0-4}|z 0
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0 2 -2|x 0
ForA=1 |1 1 1{yl|=|0
-1 -1 -1}||z 0
We have 0.x + 2y -2z =0
X+y+z=0

From (1) & (2) equation, we have

X _y _ .z XY _Z o y_py=17-1
2+2 -2-0 0-2 4 -2 2
-2
So X,=| 1

141 2 —27x] [o
When i=-1, | 1 2+1 1 |[y|=|0
-1 -1 0+1|lz| |0

2 2 =21x] [o
or{1 3 1] vyl=l0
-1 -1 1|/z]| o

we have 2x+2y—-2z=0, x+3y+z=0, —x—-y+z=0

From (2) & (3) equation we have

X Y __ ¢ or XY _Z orx=-2,y=1z=-1
3+1 -1-1 -1+3 4 -2 2
-2
So X,=|1
-1
1-3 2 =2 |x| |0 -2 2 =21/x]| |0
When 2=3,| 1 2-3 1 ||y|=|0jor |1 -1 1]|/y|=|0
-1 -1 0-3|z 0 -1 -1 -3||z 0

We have —2x+2y—2z=0, x—y+z=0, —x—-y—-3z=0
From (2) & (3) equation we have

X Yy 2
3+1 -1+3 -1-1

or

y_2 orx=2,y=1,z=-1
2 -2

X
4
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2
Hence X,=|1
1
-2 -2 2
Now Model matrix P=| 1 1 1
1 -1 -1
0 2 2
Matrix of cofactors =|-4 0 -4
-4 4 0
0 2 -2
1 1
P'=—Z2|-4 0 -4
8
-4 4 0

0O 4 41 2 2
For diagonalization D=P'AP=-1l2 0 4af1 2 1
2 -4 0-1 -1 1

-2 -2 2
1 1 1
1 -1 -1

80 0711 00
1o 8 0=lo 10

0 0 -24 0 0 3
So D =diag (1, -1, 3)
Remark:
Power of a matrix D=P"AP

D? =P AP

PD"P*=P(P'A"P)P*=(PP*)D"(PP*)=A"

Problem: Find a matrix P which transform the matrix A

1 0 -1
A=|1 2 1 |todiagonal form. Hence find A*
2 2 3
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Solution: Characteristic equation of the matrix A is

1-2 0 -1
1 2-2 1 |=00r2°-62°+114-6=0 or (1-1)(A1-2)(1-3)=0
2 2 3-2

For A=1, Eigenvectorsare x =1,X,=-1X,=0
For A=2, Eigenvectorsare X, =-2,X,=1%=3
For A=3, Eigenvectorsare x =-1,X,=1X,=2

1 -2 -1 0o 2 -1
Hence Model Matrix P=|-1 1 -1| & P*l:—1 2 2 0
o 2 2 2 -2 -2 -1
1 0O
& P'AP=/0 2 0|=D
0 0 3

1 -2 -1|j1 0 0| 0 -1 1/2
A'=PDP*=|-1 1 1|0 16 0|[-1 -1 ©
0O 2 2|0 0 811 1 1/2

-49 -50 -40
=/ 65 66 40
130 130 81
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Unit-1
Tutorial-01 (Matrices), Semester-I1I KAS 203 MATHEMATICS-II
Prepared by Prof. Raj Kumar
Section A (Rank)

1. Each entry of a matrix is unity. Show that its rank is one.
2. If Ais a non-zero column vector (n X 1) then rank of AAT is (A)2, (B)n, (C)0, (d*)1 .
3. If p(A3x3)=2 and p(B3«3)=3 then p(AB)=(a) 5, (b)3,(c*)2 ,(d) 1
4. If Agy- has all entries —1 then rank of A is (a) 7; (b*) 1; (¢) 5; (d) 0.
K -1 0
5. If rankof | 0 K —1] is2,then K is (a) Arbitrary (b*) 1, (c) 2, (d)3.
-1 0 K
1 5 4 1 1 1
6. IfA= |0 3 2| B=|2 2 2], Find p(A), p(B), p(A+ B), p(AB) and p(BA).
2 3 10 3 3 3
Ans: p(A) =2, p(B) =1, p(AB) = 1and, p(BA) = 1 Hint: p (Product) < p(Either)
1 1 -1 0
. . . 4 4 -3 1
7. Determine the value of b if the rank of A is 3, where 4 = b 2 2 9
9 9 p 3

{Hint: After using Row transformations
R4 d R3 1 1 -1 0
~ 0 0 1 1 . _ _ _
R,—3R,| 0 0 b+6 0 Cases: (1) If b=2, Then |A] =0, p (A) = 3.
b—2 0 0 -2
(2) If b = —6 Then, number of non-zero rows is 3. Therefore p (4) = 3.

1 2 -1 4
. 2 4 3 4 . . .
8. Reducing A= 1 2 3 4 to its Normal form, find the rank of the matrix? Ans: 3.
-1 -2 6 -7
1 0 0 1 2 3 1 1 2
9. Findrank of () [3 1 0| Ans:3. (i) A=|, ] 2] Ans:2 (ii)B={1 2 3| Ans:2
0 5 2 0o -1 -1
4 2 3 1 1 -1 1
(iv) A=[8 4 6 Ans: p(A)=1 (VyA=]1 -1 2 —1| Ans:2
-2 -1 =3/2 3 1 0 1
3 -2 0 -1 -7 1 2 1 2
.10 2 2 1 -5 _ |1 3 2 2
(vi) 1 —2 —3 _o 1 Ans: p = 4. (vii) 5 4 3 4 Ans.3
0 1 2 1 —6 3 7 4 6
AU AR
(viii) |—6 42 24 54| Ans.2 (ix) Ans. 3
21 -21 0 15 L -103
1 -2 1 2

Section B (Symmetric, Skew-symmetric, Orthogonal, Hermitian and Skew Hermitian
Matrices)
1. Define symmetric, skew-symmetric, and orthogonal matrices with one example.

2. Let A be a square matrix over C. Show that A+A®, AA®, and A®A are Hermitian matrices and A-A® a skew-
Hermitian matrix.
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wo =

1 2 3
1 3 4
1 4 3
4. If A and B are square matrices of the same order, which of the following is true

(a)(A + B)? = A2 + 24B + B%,(b)(A + B)(A — B) = A®> — B?,
(6)(A—B)(A+B) =A>-B*(d*)(A+B)(A—-B)+ (A—B)(A+B) =2A*—2B?
5. Show that for any square matrix A with real number entries, A + A’ is a symmetric matrix and A— A’ is

3. IfA= then |AdjA| is (a) -4, (b*)4, (c)-2 ,(d) 2

a skew-symmetric matrix.
6. If A be a square matrix such that A,A?, A3are non-zero matrices but A* is a zero matrix.Then (I — A)~!
is (a) A+ A% + A3(b)[+A+ A? (c) [+A% + A3, (D*) [+A+ A% + A3
cosa sina cosna sinna

7. If A=| 7 ], show that A" = i ], where n€Z*
—sina cosa —sinna cosna
113 1210 o
8. Prove (i) | 5 2 6 | is a nilpotent matrix of index 3; (ii). 1 -2 1 o0 is an involutory
-2 -1 -3 1 -3 3 -1
- cosa sina], oy L1 1+1] . : .
matrix (iii) [_ sing  cos a] is an orthogonal matrix.; (iv) N [1 i 1 is a unitary matrix.

9. Express { 32 32 _11] as the sum of a symmetric and a skew-symmetric matrix.

-4 -5 2
1 i 3i
| s - 0 2-i
1 -15 L 3 240 -1 . - "
10.check A= Lo B - 0 2-i and C= for symmetric matrix, Hermitian.
5 1 3 =3i 2+i -1

11. If kis complex number and A be a Hermitian matrix. Will kA be Hermitian?
i 1+i 2-3i

Jfmatrix A= | _;, : then prove that the conjugate of A is skew Hermitian
12.0fmatrixA=| _;.; o 1 |th hat the conj f Ais skew Hermiti
-2-3i -1 0
3 1+i 2-3i
13. Check whether matrix q+i 2i 1 |isa skew-Hermitian matrix.
-2-3i -1 0

Section C (Characteristic equation, Cayley-Hamilton theorem, Diagonalization of a

Matrix)
Prove that all the eigen values of a Hermitian matrix are real.
Prove that the eigen values of a triangular matrix are just diagonal elements of the matrix.
Find all the eigen values and eigenvectors of the matrices

3 1 4 171113 -2 2 -3 “|r-c
() A=|0 2 6|Ans:2.3,5:|-1], [of.|2|GB=| 2 1 —6|Ans:-3,-35:(. 9, ,[—ch,
00 5 ol loll1 -1 -2 0 —| Lc

Verify Cayley-Hamilton theorem for the following matrices and hence find A™1

4 3 1 L 5 -1 -7 2 -1 1 L 31 -1
(1) A=l2 1 =2 A_1=H -4 3 10|,(A=[-1 2 -1 A_IZZ 1 3 1
1 2 1 3 -5 -2 1 -1 2 -1 1 3
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1 2 =2
1 2 1 ], Is it diagonalizable? If yes, reduce it into
-1 -1 0
diagonal form. Ans: Diag(1, —1,3)
|Al

6. Prove that if A is an eigen value of a matrix A, then kA, A+k, N‘,%,T are the eigen values of
kA, A+kl, A", AL, Adj A respectively.

5. A square matrix is defined by A=

Section D (System of linear equations)
1. If the system of equations 3x —y + Az =1,2x +y +z = 2,x + 2y — Az = —1 has a unique

solution if A has (a) any value, (b) _?7, (c*) # _77, (d) # %

2. Check the consistency for the following linear systems. If system is consistence find the

X1+ X, +2x3+x4 =5 2x+6y+11=0 x+2y—z=3
2%+ 3%y —x3 —2x4 =2 6x + 20y — 6z = -3 3x—y+2z=1
4x145x,13x3 = 7, 6y—18z+1=0 2x—2y+3z=2
Ans: No solution Ans: No solution x—y+z=-1
Ans: x=-1,y=4,z=4

3. Ifthe system of equations x + 4ay + az = 0,x + 3by + bz = 0,x + 2cy + cz = O has a
non-trivial solution, then a, b, c, are in (a) A.P, (b)G.P, (c*) H.P., (d) None of these.

4. For what values of A1 and u so that the equations x +y +z = 6; x + 2y + 3z = 10; x +
2y + Az = pu have (i) No solution; (ii) a unique solution and (iii) an infinite number of
solutions ANS: (i) A =3 nosolution; (i))A # 3, p # 10, unique solution; (ii))A =
3, u = 10, Infinite many solutions.

5. Determine b such that the system 2x + y + 2z =0;x +y + 3z = 0;4x + 3y + bz =
0 has (i) trivial solution(ii) non- trivial solution.

6. Find the values of a, b and ¢ for which the system has (i) No solution (ii) unique
solution (111) Infinitely many solutions for

—2x+y+z=a x+ay+z=3

X—2y+z=b; x+2y+2z=5»b

x+y—2z=c x+5y+3z=9

Ans: (DIfa+b+c+|Ans: (i) a = —1,b # 6 no solution

0 No solution (il)a # —1, b is arbitrary,unique solution
(i))If a+ b + ¢ = 0,Infinite solutions | (iii)a = —1, b = 6 Infinite many solutions.
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